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Blocking temperature in magnetic nanoclusters
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A recent study of nonextensive phase transitions in nuclei and nuclear clusters needs a probability model
compatible with the appropriate Hamiltonian. For magnetic molecules a representation of the evolution by a
Markov process achieves the required probability model that is used to study the probability density function
(PDPF of the order parameter, i.e., the magnetization. The existence of one or more modes in this PDF is an
indication for the superparamagnetic transition of the cluster. This allows us to determine the factors that
influence the blocking temperature, i.e., the temperature related to the change of the number of modes in the
density. It turns out that for our model, rather than the evolution of the system implied by the Hamiltonian, the
high temperature density of the magnetization is the important factor for the temperature of the transition. We
find that an initial probability density function with a high entropy leads to a magnetic cluster with a high
blocking temperature.
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I. INTRODUCTION will use here is the observation by Chometzal. [16] about
i i , . the equivalence of the location of the zeroes of the partition

~ Heating a ferromagnet will make it paramagnetic at a suftnction in the complex temperature plane and the modes of
ficiently high temperature. By cooling and magnetizing, itihe probability density functioPDF) of the order param-
can be made ferromagnetic again. This simple fact of everyaer, |nvestigations along this line include metallic clusters
day magnetism is also true on a nanoscale. As a matter @47 nairing in nuclei[18,19, and clusters with a negative
fact the existence of this phenomenon was predicted by Ne¢leat capacityf20,21). It was first shown that for nonexten-
[1] and is indicated by superparamagnetism. The temperatuigye systems the location of Yang-Lee zeros reveals the tran-
of the transition is the blocking temperature and is experisition from one phase to anothk22—24. Subsequently the
mentally known in molecular magnets and magnetic clustergivalence between the transition and the modality of the
[2-7]. It casts a shadow on possible applications because thiSpE of the order parameter offers a very direct way to obtain
tgmpgrature is very low for most materials. A theoretical esype temperature range where one may expect a change from
timation of this temperature coulq offer a better “”derStandferromagnetic to paramagnetic behavior in the case of nano-
ing of the factors that have an influence on its value angnagnets. Indeed, ferromagnetic behavior corresponds with a
would indicate a way to devise clusters with an appropriatg;o-mode PDF for the magnetization, paramagnetic behavior
blocking temperature. with a one-mode PDEF.

As far as we know, there is no well established procedure |, order to calculate the PDF of the magnetization for a
to obtain this mfor_matlon, e_spemally when the_system IS INmolecular magnet or cluster we need a probability model
the quantum regime, statistically nonextensive, and thgpe o describe cooling and heating and compatible with that

blocking tempere.lt_ure'has Fo'be determined from some kingamiltonian. Our starting point is a generalized propagator
of a phase transition in a finite system. Most theoretical apys the form

proaches are based on the Fokker-Planck equation or make

use of Langevin dynamick3]. These methods assume that Om

the magnetization is a continuous variable, an assumption K(m,m', B) = (mlexp(- gH)|m") = (1)
that is inappropriate for systems whose magnetic degrees of G

freedom_are small. _Furthermore for mole(_:ular magne_ts eMh some casef25,26, the appropriate choice of the states
_bedded in a crystalline _structure the _Ham”tonlﬂrdesgr!b- and the functiorg,, will lead to an evolution equation for the
ing the spectral properties of the basic molecular unit is well, - «ition probability of a Markov chain. For the givehwe
known [9-12]. It is used to relate the spectral properties of ., 4 indeed map the Hamiltonian description to a Markov
the system to a lot of observed responses, e.g., quantum U, cess in a space spanned by the possible outcomes of the
neling of _magnet|zat|or[4,11,13,14. Therefor_e a stuqu of magnetization of the cluster. The process, only defined for
the blocking temperature should take the information 0b-g~q gescribes the cooling of the system. In order to obtain
tained from the spectrum into account. _ the inverse evolution, the Bayes theorem can be invoked to
Recently some substantial progress was made in none¥efine the adjoined heating process. In our example the di-
tensive statistical physics for nuclear clustét$]. In the mensionality of the process remains low. Therefore only
same line of thought and more important for the approach Wegangard numerical methods are necessary to perform the
calculations.
Our task will be to obtain this PDF for a system with an
*Electronic address: lucien.lemmens@ua.ac.be evolution described by the process generated by the appro-
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priate Hamiltonian. Once this calculation is done, it is our N

hope to find a functional relation between the parameters in S{m) = (m— E>|m>- (6)

the Hamiltonian and the blocking temperature. It turns out

that other factors play a more important role. In order toWe have chosen the numbmrto represent the states because
identify these factors we will introduce in the second sectionit allows a direct way to monitor the transitions by counting
the Hamiltonian, the mapping to a Markov process, and howhe number of spins in the opposite direction. Lowering or
to describe cooling and heating, and outline the numericataising the numbem is achieved by the other spin operators
techniques to obtain the PDF of the magnetization. In thdéhat act as follows on a state:

third section we present a study of the PDF of the magneti- e

zation. We point out, by means of several cases, that prepa- S'm) = V(N=m)(m+ 1)[m+ 1), (7
ration, exactly as with ordinary magnets, is of fundamental- —_—

importance. We summarize our results. In the last section we SImy=v(N-m+1)mm-1). (8)
discuss Fhe method, and the results, and ury to give SOMPhe matrix elements of the evolution equation in terms of
perspectives.

these states are readily obtained from

Il. CONSTRUCTION OF A PROBABILITY MODEL (KV|m) = gf‘_Bbx[\,—(N ) (M 1) Sy
2

The model Hamiltonian for a molecular magnet takes the —_—
standard forni4,11,13,27-29 +V(N-m+ Dl 1]

B ) 2 5 , « The square roots in this representation arise through the nor-
H=D($)"+E[(S)" - (§)]+gus(bS+b,S),  (2) malization of the states necessary for the Hermitian character

whereD andE are the diagonal and nondiagonal anisotropyOf the Hamiltonian and they are eliminated by the choice
=J(2s—=m)!(m)! i i iza-
constants, respectively, ar (b,) is the external field ap- 9= (2s=m)!(m)! in Eq. (1), meaning that the normaliza

plied along the specified axis. Rewriting B@) and replac- tion factor is transferred to the ket of the quantum state.

! i . T . The matrix elements df, are straightforward to calculate
ing the Cartesian spin components py raising and IowenngJsing the same technique, and with the sajehe propa-
operators, one can split the Hamiltonian into three parts: '

gator becomes

H=Hy+Vy+V,. 3 mi(N-m)! (12
L ® K(mm',7) = (mlexp(— H)[my] TENZME AT )

- . . m'I(N-m’)!

The termH, is diagonal in the component of the spin. The

term V; of the Hamiltonian is proportional to thecompo-  and the evolution equation of the model reads now

nent of the magnetic field and linear in the lowering and

raising operators: dgk(m,m'’, B) = 5—+21+2 w(m,m+ §K(m+ 5,m’, B)
b _ ,
Vl - qu’B X(S+ + S—) . (4) EmK(m! m !ﬁ) (10)
2 does not contain square roots anymore. The energy spectrum
of the diagonal part of the Hamiltonia@) is given by

The termV, is proportional toE and quadratic in the lower-

ing and raising operators: N-2m)? N-2m
€m= D( 2 - gMBsz (11)
E
V, = 2(99 +SS). (5 and the ratesv(m,m+¢) are derived from the termy;+V,.
These rates are
For some molecular magnets this term is forbidden by sym- w(m,m+ 1) =b(N - m), (12
metry and a fourth order term is introduced. Our model
allows that a term containing a product of a lowering w(mm- 1) = bm,
and a raising operator can be rewritten in terms of the
component. w(mm+2)=E(N-m)(N-m-1),
A. The evolution equation w(m,m-2)=Em(m- 1),

In order to derive the evolution equation let us considefwhere b=gugh, and E are chosen to be positive. For our
first V,. The states are determined by two numbé@ndm:  model(2) it can be done without loss of generality. It should
in terms of a spiré systemN represents the number of spins; be noted that the transitions do not lift the degeneracy of a
the numbem is an integer of the intervdl0,N] and repre- configuration with magnetization characterized oy N/2.
sents the number of spins with their magnetic component iThe evolution equatiofl0) can be written as a matrix equa-
the opposite direction. In general the magnetic quantuntion with dimension(N+1) X (N+1). The formal solution of
number is given by this equation is
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K(B) =exd- B(E-W)], (13 > K(mn',7) +K(m,c,7) =1 (17)
whereE is a diagonal matrix withe,, on the diagonal. The m’
matrix W has the rates/(m,l) as elements. and definingK(c,m’,7)=0 for all m' #c¢ andK(c,c,n=1

Although for modest values dfl the matrix(13) can be  one obtains the new process.
calculated directly using symbolic algebra or numerically us-  This means that we obtained a probability model with the
ing standard techniques, the calculation has to fit in the probconditional probability given by
ability theoretical setting mentioned in the Introduction. This
can be done by calculating the energy and multiplicity of the PIM.=mM_, =m']=K(m',m,7-7'), (18
quantum states and using the_z_Gibbs _rule to relate these eBFovided 7>1. M. is a random variable that takesn
ergy eigenvalues to probabilities. This road has been foI-:0 N] or ¢ as a value. The conditional bability i
lowed in Refs[16,23,30—33 The alternative is to introduce ! . : . probab ity Is
a Markov representation for the quantum evolutiéin derlvec_i from the solution of_the evolution equation. In terms
imaginary time or equivalently in inverse temperajurethe Qf th_e inverse temperature it should be noted that the evo_lu-
system. tion is represented by a Markov process only when the in-

crements are positive.

B. The Markov representation

Before we illustrate the method used to transform the sys- C. Cooling and heating

tem described by10), we will argue for the opportunity to Cooling is described in a straightforward way: noting that
choose a Markov chain for the evolution. First of all the formin a model that describes the evolution to equilibrium the
of the Hamiltonian allows this kind of representation; as farvariable r represents the inverse temperature, a solution of
as we know the mapping is limited by constraints on thethe evolution equation allows one to calculate the conditional
transition rates and therefore not general. Furthermore oncemobability to reach a given state afgiven the state of the
mapping can be found it is straightforward to construct asystem atr’. Becauser> 7 one deals with cooling.
probability model without further assumptions. In other In order to describe heating, however, a further elabora-
words the mapping makes the choice of eigenstates of thigon of the probability model is necessary. Assume that the
magnetization as the state space optimal with respect to thaverse temperaturg is larger thang’ and suppose we know
evolution inducing transitions in the state space. The Markothat the system is in a given state @t Then we may ask
property assures thereby that the transition probability of goeurselves: what is the probability of finding it in a statéat
ing to the next state is independent of the history precedingg’? The quantity to obtain i[Mg =m’|Mz=m]. Using
the transition into the actual state. Bayes’ theorem one finds

The evolution equation can be split into two parts:

, , P[Mﬁr = m,]
oKmMM, 7= X wmm+HK(m+sm',7) PIM = m/[M = m] = PIM = miM g = 1y,
6=+1+2
(19

= vpK(mm', 7) = (e, — v K(Mmm’',7),
Noting that if we know the density of states at0, the

(14 probabilitiesP[M sz =m’] and P[Mz;=m] can be calculated.
where the following part describes a Markov chain: They are given by
o K(mm', D= X w(mm+§Kom+sm’,7) P[Mg=m]=2> P[Mg=mM=KIP[Mo=k], (20)
5=+1+2 k
- v Ko(m,m’, 7) (150 and the transition probability for heating can also be obtained
rovided - is given b from the solution of the evolution equation provided the ini-

P Ym1S 9 y tial PDF is known.

V= S wmm+ §). (16) In t_his section we showed that under quite genera_l as-

So4142 sumptions about the parameters of the model the evolution of

- o ) the model under cooling or heating can be cast into a Markov
On the condition that(e,—v,) >0 it is possible to use :npain.

K(m,m’, 7) to define a probability model for the evolution of
the system. Under this condition it is straightforward to show
thatK(m,m’, 7) >0. A heuristic proof is given in the Appen-
dix. However, in order to fall in the category of Markov A key ingredient in our probability model is the density at
chains it is necessary thafg,K(m,(statg,7)=1. For  B8=0. In order to obtain the PDF of the magnetization at a
K°%m,m’, 7) one can easily prove this property. given temperature by either heating or cooling the system,
For K(m,m’,7) one can construct an equivalent Markov one has to know the initial PDF for the magnetization:
chain by adding an extra stateo the state space. Using this P[M=K]. Before we analyze the temperature dependence of
state, which is an absorption state sometimes called the cofhese initial PDF's we will comment on two possible
fin state[34], one obtains choices. Both choices are based on the principle of egual

Ill. THE PDF OF THE MAGNETIZATION
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priori probabilities. If the system can be described by a 04 035
single spin statistically, the probability density is uniform for 0'3 v B=o0. v
all states that are participating in the evolution: 0'2

0.1

P[Mo=K]= : (21) 1 .4 S A
N+1

0.5 v B=045 v
If the system allows different spin configurations leading to ¥ g'g
the same magnetization, one may assumeNhatO is real- = o2
ized by all spins in the same direction akig=N by all spins o o
in the opposite direction. The other states are combinations 0 AAAAAAALALAL AL LA,
of (N-k) states with spin up anl states with spin down. 05 'y B=055
The initial density is calculated by consideriffF +3 spins 03
with §=3;S. The total number of spins pointing up deter- 02
mines the value of the tot& uniquely. The number of ways 0.1
to realize this number is easily obtained. Taking into account ETIAAL 20004 20044 24T
that for a spin% the probability that a single spif is point- m

ing up is 3, the binomial density follows: FIG. 1. The probability density of the magnetization for the

N single spin model. The single spin model s 1 realizations of
P[Mo=K]= 2_N( K ) . the magnetization; each of these realizations is equally probable at
high temperature. Using this as initial conditi@®tl) the density of
These choices correspond, respectively, with a single largée magnetization at a given temperature can be obtained. As illus-
spin or with many spins, all having an evolution described bytrated here for three typical temperatures, it is seen that the density
the same Hamiltonian. In order to distinguish between théémains bimodal in the whole temperature range.
choice of the initial density an index will be introduced: we
will use larger spin(LS) for an initial uniform density(21)
and many spingMS) for the binomial density22). In most molecular magnets or clusters different building
The calculation of the PDF of the magnetization isblocks can be distinguished: this has led us to consider a
straightforward. First the matrix elements (@) are calcu-  third model where we assumed that the magnetization can be
lated by a direct method. Once these matrix elements argecomposed into a sum of two independent components. The
known, the transition probabilities of the Markov represen-first part initially has a binomial density:
tation (18) are obtained, taking the relation betwe®&nand
M determined by their definitiof6) into account.
Here we will describe the cooling and heating of the LS

(22)

model, first remarking that fob,=0 and realistic values of 0.08 v"“'$= 035

D, E, andb, there is no blocking temperature, i.e., the PDF 0.06 v Ve

remains bimodalFig. 1). We note further that from the first 0.04 v v

and second moments of the PDF, i.e., the mean magnetiza- ooz V¥ Yy

tion and specific heat, it is almost impossible to infer that G o ¥

these are moments of a bimodal density. 0054 | wVV b= 'f"v
Next we will describe the heating and cooling of the MS E 0051y v v v

model and see that this model has a blocking temperature: = 0048 v v

changing the bimodal structure of the PDF into a PDF with 2 002 vv'“vv

one mode on heating from the low temperature phase and 0088 v Bo055 v

changing the PDF with one mode to a bimodal PDF on cool- 2::

ing from the high temperature phadeg. 2). Two remarks 0'08 v v

are in order now: first we note that the blocking temperature ooal Yv v

has the same numerical value for cooling and for heating o YYvvvevvwev?'

within the accuracy of our calculation; second the order of -10 5 0 5 10

m

the transition based on the continuity of a distribution func-
tion cannot be used to classify the transition because the FIG. 2. The probability density of the magnetization for the

model has a discrete distribution function. _._many spin model. The many spin model haSr&alizations of the
From the preceding analysis we arrive at a provisionakystem, leading to a binomial density of the magnetization at high
conclusion: the blocking temperature of the model cruciallyemperature. Using this as initial conditié2) the density of the
depends on the initial density. This density is obtained bymagnetization at a given temperature can be obtained. As illustrated
using the principle of equa priori probabilities for all the nere for three typical temperatures, it is seen that the density is
states participating in the evolution of the system. In thepimodal in the low temperature range but has a single mode in the
sense that we have to know the multiplicity of a state withhigh temperature range. The change from a density with a single
Mo=m in order to assign an initial PDF. mode to a bimodal density occurs at the blocking temperature.
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a different value of3 for a different initial density(see Fig. 3. The
initial density is a convolution of a uniform density with a binomial
one, characterized b§, the entropy of the initial density.

FIG. 3. The initial probability density of the magnetization. As
the spin numbef decreases, the change of the initial magnetization IV. DISCUSSION AND CONCLUSION
density from a binomial distributiofi=20 to a uniform distribution . .
¢=0[Eq. (23] is illustrated for theN=20 spin cluster. The initial In Sec. Il we mapped the evolution described by the

entropy values and characterizing the initial distributions are men- Hamiltonian_ of _the magnetic cluster on a _COﬂtinUOUS time
tioned in the legend. Markov chain; time refers here to the ordering paramgter

the inverse temperature. This mapping is a very appealing
way to obtain a probability model compatible with the
Hamiltonian of the system. This model is a necessary re-
quirement in order to use the analysis of phase transitions or
finite systems mentioned in the Introduction. In order to have
a complete description, not only cooling but also heating has
to be considered as a process. This is achieved by introduc-
P[M{=Kk] = 2—e<€>. ing an absorbing state, the so-called coffin state. Once this
k/' formalism is chosen, the procedure to calculate a PDF at a
given B requires knowledge of the initial PDF. The reason
the density of the second part is taken from a single spin antbr this requirement comes from the formulation of the evo-
is uniform, lution in terms of transition probabilities, conditional by defi-
nition. We showed that for different choices of the initial
PIMy “=11=1/(N-€+1). PDF but with the same set of transition probabilities the

0.16 [1=20 S=222 04— T T T
0.12
0.08 v
0.04 03} -
0.12 =15 S=236 v
0.12 3
0.08 02 .
0.04 £ v
E oo f!=10 $-265 | |
S 006 01 v
2 0.04
: % 0 —lém—v
008 I=5 $=28 22 24 26 28 3 32
0.06 s
0.04
ses ol EAENERIANN,...
o.og =0 S=3.04 FI_G. 4. The blockin_g temperature versus the initial entropy. The
8'82 blocking temperature is derived from the change of the number of
0.02 “II"IIIII"II“III[ modes in the density of the order parameter. This change occurs at
0

Mo=Mg+My~*

where( is the number of spins. The initial density of the first
part is

This leads to an initial density for the magnetization given by

a convolution:
14
an
k

(N-¢+1)

P[Mg=m]=2> ©(m=1+k) (23
ki

Once the initial density is chosegRig. J) it is straightfor-
ward to calculate the PDF of the magnetization and to deter-
mine the blocking temperature. It should be noted that this
model interpolates between the two models previously intro-
duced. Takingf =0 is the large spin model and takifg-N
gives the many spin model. In order to relate the blocking
temperature of the model and a characteristic of the initial
distribution, we have calculated the initial entropy and we
have plotted the obtained blocking temperatufég. 4) as a
function of the initial entropies.

The same information can be given in a bifurcation dia- F|G. 5. The bifurcation of the modes for the density of the order
gram(Fig. 5 following the modes of the density. The block- parameter. The modes of the density of the magnetization are plot-
ing temperature of the preceding pl#ig. 4) is obtained by ted as functions of the inverse temperatygdor different initial
determining the value g8 where the bifurcation occurs. densities(23) characterized by.

0 0.1 02 03 0.4 05 0.6 0.7 0.8 09 1
B =1kgT
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0.08 — - — nets are described by a theoretical model that relies on a
oo7k ® Makov v = single large spin description. Fortunately both models obey
v'v Gibbs & V'v the same dynamics. They have the same spectrum but a dif-
z 00 M Y ferent dimensionality leading to a different blocking tem-
é&; 0.05 |2 v v a perature. In the many-spin model with dimenstothe one-
T Oy vO to-one correspondence between the magnetization and the
0.04 ¥ a¥ o v states implies that a specific state, characterizedhispins
0.03 4 A4S with an's, component down, has a multiplicity given by)
0.02 . faf ; in order to conserve the total number of statésA% indi-
-10 -5 0 5 10 cated in our investigation about phase transitions in systems
m with finite degrees of freedom, the multiplicity of the states

) . . is an essential ingredient. Compare, for instance, the magne-
FIG. 6. Comparison of PDFs for Gibbs assumption andiization of the single large spin model where the spin states
our probgblhty_ model._ The numerl_cal dlfferencg between thepgye multiplicity with that of the many-spin model with a
PDF obtained in the Gibbs assumptitn) (24) and in our prob-  pinomial density as initial PDF. It is clear that the binomial
ability model (V) (20) introduced in Sec. Il at a given inverse myjtiplicity can be related to dimension. Take a harmonic
temperatureg. oscillator in one dimension; a state with the energy lewib
has the multiplicity 1, while the multiplicity of that state is a
blocking temperature critically depends on the initial condi-function of n in higher dimensions. This suggests that the
tion. Our conclusion is reached by the use of a mathematisingle large spin model can be seen as a one-dimensional
cally well-established procedure for Markov systems. Werealization of the system. According to the Van Hove theo-
have to mention a possible alternative and eventually discugem, it should not have a phase transition and indeed there is
the differences—if any—in the Conclusion. no transition. However, it was a surprise, for us, that the
The more traditional approach would be to calculate theequilibrium probability density of the magnetization re-
trace of the propagator to obtain the partition function and tesembles that of the low temperature phase of the higher di-
use the diagonal elements of the propagator explicitly in thenensional model, strongly indicating that one-dimensional

Gibbs assumption to obtain a PDF: models are low temperature by nature.
To summarize, we do not change the evolution of the
PIM ,=m] = » K(m,m, ) (24) system, we change only the initial density of the magnetiza-
B mozp tion by making assumptions on the magnetic structure of the

cluster. The simplest magnetic structure in terms of degrees

We have to introduce here;, [35], the multiplicity of the  of freedom—each state can be realized in only one way—
statem. In the present formalism, the initial PDF contains |eads immediately to a bimodal density and therefore there is
this information. Comparing Eq24) with the PDF calcu- no transition at finite temperature. The structure with a large
lated in the preceding section, we find that they look verydegree of freedom—the total number of realizations is
similar but there are numerical differences, as can be seen pN_—has a binomial initial density and leads to a finite block-
Fig. 6. This means that also the blocking temperaturéng temperature. Interpolating structures with a density that
changes slightly on passing from one approach to the othesrises from a convolution of binomial densities and uniform
In view of the crucial factor played by the initial condition densities leads to larger blocking temperatures. This means
for the PDF and its relation to the multiplicity of the states, it that the model indicating the smallest blocking temperature
should be noted that the initial condition is inherently relatedis the model with the largest number of realizations of initial
to the use of a Green function, i.e., the propagator, while instates. Fewer realizations of the initial states lead to larger
the Gibbs assumptiof24) it is implicit in the summation blocking temperatures. If this trend remains true for more
over the states. A profound analysis of the origin of the dif-realistic descriptions of magnetic clusters, it can be an im-
ference between Eqg24) and(20) would require additional  portant factor to take into account in the design of the cluster.
research. The main difference in approach is the choice of For a finite system with many degrees of freedom but a
the states: if the eigenstates of the Hamiltonian are considtelatively simple evolution we could calculate the blocking
ered as states of the probability model, there is no reason t@mperature by mapping the system on a Markov chain in
construct a Markov representation, and the invariance of therder to obtain a probability model with a change in the
trace with respect to cyclic permutations can be used explicaumber of modes of the probability density function of the
itly to avoid a diagonalization. The probability model that we order parameter. This approach rests on the construction of
considered is formulated in terms of the eigenstates of theuch a probability model. It is clear that new methods are
order parameter, i.e., the eigenstatesSofNow & and the  required in order to achieve such a mapping for systems
Hamiltonian do not commute, therefore there is no commonjescribed by a more realistic Hamiltonian. It should be noted
base that can serve as states of a system where both operat@iat simulating the cluster belongs to the same category, in
are diagonal. From this point of view generating the evolu-the sense that it is relatively easy to take the diagonal ele-
tion of the system in terms of the states characterizechby ments of the propagator into account using a Metropolis al-
cannot avoid the transitions into account. gorithm [36], but combining this algorithm with a Markov

The model for a cluster containing, for exampﬂ&spins% chain incorporating transitions in the simulation requires fur-
is clearly a many-spin model; however, most molecular magther investigation.
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This work has been performed partly in the framework o

APPENDIX

In order to show that the diagonal elementskotan be K(mm', ) =Eq| I(M(7) - m’)exp(— fTV(M(s))ds)
used to define a probability, the trace should exist and the 0

elements should be positive. The following evolution equa-

tion is considered first: (A2)
9K (m,m',7) = 2 w(m,m+ §Km+ &,m’,7) where M(t) is the random process of a Markov chain with
T e Y K°(m,m’,7) as a transition probability ané,, is the expec-

tation over that process. The random varidi§d (7)—m') is
- 2 w(mm+§KAmm',7). (A1)  anindicator necessary to satisfy the condition that the system
=122 is initially in the statem’. This shows thak(m,m’,7) can be
This is the evolution equation of a Markov process definedlecomposed into a sum of positive terms.
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